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induced	 vibration	 (IIV)	 demonstrates	 an	 analogy	 of	 friction-induced	 self-excited	 vibration.	 Finally,	 the	22	
similarity	 between	 strain-stress	 curve	 and	 Stribeck	 curve	 shows	 that	 static	 and	 kinetic	 friction	 force	23	
variations	are	attributed	to	ice	force	characteristic,	and	can	be	used	to	explain	the	lower	effective	pressure	24	
magnitude	during	continuous	crushing	than	the	peak	pressure	during	intermittent	crushing.	25	







































































σ σ 	 Minimum	stress	at	ductile	and	brittle	range	(kPa)	





























and	gas	explorations	 in	this	area.	Hence,	 it	 is	essential	 to	design	ships	and	offshore	structures	which	are	7	
resistant	to	possible	ice	impacts	on	the	structure.	However,	because	of	the	complex	nature	of	ice	and	limited	8	
full-scale	data,	 ice	models	 and	experiments	 show	differences	 (Sodhi,	 1988)	which	makes	 the	 ice	 related	9	
research	still	a	challenging	area.	10	







model	 will	 be	 introduced	 first.	 This	 model	 is	 based	 on	 substituting	 an	 empirical	 parameter	 to	 include	18	
structural	 stiffness	and	 ice	 velocity	effects.	 Then,	 a	 series	of	 reproduced	numerical	 results	based	on	 the	19	







zone	concept	 in	experimental	tests.	 Ice	failure	 length	is	taken	as	a	constant	1/3	of	 ice	thickness	 in	Ji	and	27	
Oterkus	(2016),	which	means	ice	fails	at	a	certain	length	if	ice	thickness	does	not	vary.	However,	it	ranges	28	
from	1/2	to	1/5	of	ice	thickness	according	to	the	tests	by	Sodhi	and	Morris	(1986)	covering	an	area	when	it	29	
is	used	for	 ice	 force	predominant	 frequency	calculations.	 It	 is	 the	reason	that	 ice	damage	zone	becomes	30	
smaller	by	increasing	ice	velocity	(Kry,	1981,	Sodhi,	1998).	At	low	ice	velocity,	there	is	a	large	damage	zone	31	





0/ ( / )( / )L H v v d H= ,	where	 0v 	is	a	reference	velocity,	 /d D n= 	is	the	segment	width,	 n 	is	36	
4	
	
the	number	of	segments	used	as	1,	3,	5	or	7	to	control	the	structural	width	D ,	and	 /d H 	ratio	is	in	the	1-3	1	
range.	 It	 can	be	seen	 that	 the	correlation	 length	 is	decreasing	with	 increasing	 ice	velocity.	 In	 this	paper,	2	
structural	width	is	considered	as	one	whole	segment,	i.e.	 1n = .	Thus,	the	equation	is	used	in	the	form	of	3	
































63	 0.0411	 0.027	 3230	 11.68	 0.05	 Fig.	3a	
66	 0.0411	 0.0275	 1710	 8.50	 0.05	 Fig.	2b	
67	 0.0412	 0.027	 890	 6.13	 0.05	 Fig.	3b	
110	 0.1031	 0.03	 2700	 10.68	 0.05	 Fig.	5	








= 		 	 	 	 	 	 	 	 	 	 	 	 	 (1)	18	
where	
0





K Mω = ,	where	
n
ω 	is	the	angular	natural	frequency	of	the	structure	and	M 	is	22	
the	mass	of	 the	 structure.	Besides,	 the	 ISO	19906:2010	 tends	 to	use	 the	 structural	natural	 frequency	 to	23	
define	the	highest	ice	velocity	that	lock-in	condition	can	occur,	








= 	 	 	 	 	 	 	 	 	 	 	 	 	 (2)	26	
by	substituting	the	stiffness	with	the	frequency,	where	
0







sheet,	 in	 the	 current	 numerical	 model	 ice	 is	 moving	 against	 a	 stationary	 structure.	 The	 ice-structure	1	
interaction	model	is	taken	as	a	mass-spring-damper	system	as	illustrated	in	Fig.	1.	There	are	“internal	effect”	2	




function	 are	 coupled	 as	 ice	 force	 variations.	 Relative	 velocity	 is	 considered	 in	 ice	 strain	 rate-stress	7	
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	 	 	 	 	 	 	 	 	 (3)	12	
in	conjunction	with	the	ice	stress-strain	rate	relationship	given	in	(4).	In	(3),	 X 	is	the	displacement	of		the	13	
structure,	the	“dot”	symbol	represents	the	derivative	with	respect	to	time	T ,	 A 	is	the	magnification	factor	14	
adjusted	from	experimental	data,	D 	is	the	structural	width,	q 	is	the	dimensionless	fluctuation	variable,	a 	15	
and	ε 	are	scalar	parameters	that	control	the	lower	bound	of	ice	force	value	and	saw-tooth	ice	force	profile,	16	
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where	
max






























in	Table	1.	In	the	equation	of	motion,	 0.22A = 	is	the	magnification	factor	adjusted	by	any	one	of	the	cases	7	
to	determine	the	upper	bound	of	the	ice	force	except	for	the	Test.	110	which	is	0.15.	 2a = 	is	set	to	assume	8	
that	all	 force	will	drop	to	zero	after	each	cycle	of	 loading.	 0.05 mD = 	and	 600 kgM = are	 from	the	test	9	
configuration.	 0.1ξ = 	is	not	given	but	found	in	Fig.5	of	Sodhi	(1994).	In	the	Van	der	Pol	equation,	 4.6ε = 	is	10	






13000 kPaσ = 	is	used	for	maximum	value	and	 0.35α = .	In	Test.	67,	the	pressure	is	4.4	MPa.	Therefore,	14	
4400 kPa
b
σ = 	and	 6β = − 	except	for	Test.	203	at	high	velocity,	i.e.	 1700 kPa
b
σ = 	from	the	data	provided.		15	


































0.05 m,  600 kg,  0.1,  0.22 (0.15 for Test.110),  2;
4.6,  B 0.1,  0.03 m s , 710 kN m , ;
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are	 plotted	 with	 respect	 to	 time,	 such	 as	 ice	 force,	 displacement	 of	 the	 structure,	 acceleration	 of	 the	6	













































test.	 There	 are	 two	 reasons	 for	 this	 difference	 because	 of	 ice	 force.	 The	 first	 reason	 is	 that	 ice	 force	 is	10	
controlled	to	drop	to	zero	during	each	cycle	of	loading.	The	second	is	only	the	maximum	value	is	considered	11	
and	 predicted.	 Similar	 difference	 can	 also	 be	 found	 in	 Fig.	 3(e),	 which	 shows	 the	 continuous	 crushing	12	
behaviour	 under	 high	 ice	 velocity.	 Ice	 force	 is	matching	 at	 around	 2.5	 kN	with	 the	 test	 and	 no	 obvious	13	
vibration	of	the	structure	is	found.	14	
	 	15	


















































force	will	 vanish	 if	 the	structure	 is	 stopped	 from	moving.	Therefore,	 it	 is	not	a	 forced	vibration	but	self-6	
excited	vibration	in	this	situation.	7	






would	 be	 an	 external	 excitation	 and	 IIV	 should	 be	 categorised	 as	 forced	 vibration.	 Therefore,	 there	 are	14	
internal	and	external	effects	from	the	structure	point	of	view.	15	
From	the	ice	point	of	view,	there	are	internal	and	external	effects	too.	Internal	from	ice	is	the	original	ice	16	




















failure	 frequency	 lagging	behind	 the	originally	 supposed	 frequency	 if	 the	structure	 is	 considered	as	 rigid	37	
without	 vibration.	 The	 lagging	 frequency	 is	 called	 hysteresis	 frequency.	 Once	 ice	 failure	 occurs,	 ice	 and	38	
structure	start	moving	in	opposite	directions	and	the	relative	velocity	becomes	high.	Hence,	low	ice	stress	39	




frequency	 than	 the	 originally	 supposed	 frequency.	 At	 the	 same	 time,	 during	 each	 interaction	 with	 the	1	
structure	 the	 oncoming	 ice	 sheet	 will	 also	 decelerate	 the	 structural	 velocity	 and	 raise	 the	 stress	 value	2	
because	of	lower	relative	velocity.	Once	the	structural	deceleration	and	acceleration	oscillation	process	are	3	
in	a	stable	feedback	condition	when	restoring	force	is	equal	to	the	ice	force,	the	structure	will	be	in	a	self-4	














without	 input	 from	external	 excitation	 energy	 to	 the	mechanical	 system.	 In	 other	words,	 the	 excitation	19	




Negative	 damping,	 in	 essence,	 is	 used	 as	 an	 external	 source	 of	 energy	 to	 increase	 the	 amplitude	 of	24	
vibration.	 As	 the	 characteristic	 of	 	 decreasing	 ice	 stress	 with	 increasing	 loading	 rate,	 Blenkarn	 (1970)	25	
proposed		ice	force	as	a	function	of	relative	velocity	and	explained	the	increased	vibration	amplitude	in	IIV	26	
as	negative	damping	theory:	27	
( )MX CX K XF vX =+ −+ 			 	 	 	 	 	 	 	 	 	 (5)	28	
For	small	motions,	forcing	term	can	be	written	as:	29	
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Hence,	(5)	becomes:	31	
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current	numerical	model	during	 ice	 force	calculation.	As	Sodhi	mentioned,	a	plot	of	 ice	 force	vs.	 relative	2	
velocity	can	be	more	persuasive.	For	instance,	Fig.	4	is	the	result	from	Test.	110	in	which	ice	force	can	be	3	
taken	 as	 a	 function	 of	 relative	 velocity.	 It	 is	 clear	 that	 the	 slope,	 /
r
F v∂ ∂ ,	 is	 sometimes	 positive	 and	4	
sometimes	negative.	The	negative	value	can	lead	to	net	negative	damping	in	(7)	which	will	then	lead	the	5	































ice	 and	 structure	 is	 not	 considered	 in	 the	model.	 The	 incremental	 change	 of	mechanical	 energy	 in	 the	6	
structure	can	be	written	as	7	









force	by	the	corresponding	 incremental	structural	displacement,	 i.e.	 F XΔ .	The	change	of	kinetic	energy	11	
and	potential	energy	are	obtained	from	 20.5M XΔ 	and	 20.5K XΔ ,	respectively.	The	energy	dissipated	due	to	12	
damping	can	be	computed	from	(8).	The	cumulative	form	and	integral	form	of	(8)	and	(9)	are	13	
t d
W PE KE EΣΔ = + +ΣΔ 		 	 	 	 	 	 	 	 	 	 	 (10)	14	
0 0 0 0
T T T T
d




WΣΔ )	in	red,	potential	energy	( PE )	in	purple,	kinetic	energy	(KE )	in	green,	mechanical	energy	17	












each	cycle	of	 loading,	 the	structure	moves	with	 the	 increasing	 force,	 resulting	 in	 large	displacement	but	28	
relatively	small	velocity	of	the	structure.	Energy	supplied	by	ice	is	mostly	stored	in	the	structural	spring.	After	29	
the	failure	of	ice,	the	stored	potential	energy	is	then	transferred	to	kinetic	energy	leading	to	the	backwards	30	

































Since	 0.0412	 m	 s
-1
	 and	 0.1452	 m	 s
-1
	 in	 Sodhi	 (1991b)	 was	 defined	 as	 intermediate	 and	 high	 velocity,	10	

















	 ice	velocity,	 time	history	plotting	of	stress	and	 ice	 force	points	are	counted	and	16	
accumulated	 at	 0.725	MPa	 and	 0.5	 kN	 intervals,	 i.e.	 0.3625	MPa	 and	 0.25	 kN	 from	 both	 sides	 of	 each	17	
histogram,	respectively.	Ranges	of	stress	and	force	are	determined	by	the	minimum	and	maximum	values	of	18	


























No	matter	which	 type	of	vibration,	both	of	 them	has	 the	 following	 relationship,	



















































Ice	on	steel	 Dry	 0.50	±	0.12	 0.11	±	0.02	
Ice	on	steel	 Wet	 0.40	±	0.05	 0.09	±	0.02	
Steel	on	ice	 Dry	 0.43	±	0.09	 0.12	±	0.03	
Steel	on	ice	 Wet	 0.36	±	0.09	 0.13	±	0.04	
Ice	stress	variations	 in	 IIV	 is	very	similar	 to	 frictional	coefficient	variations	 in	 friction-induced	vibration	4	
when	 considering	 relative	 velocity	 only	 as	 shown	 in	 the	 three-region	 Stribeck	 curve	 in	 Fig.	 7.	 A	 typical	5	
example	is	the	self-excited	vibration	of	a	bowed	violin	string.	The	bow	and	string	are	moving	in	the	same	6	
direction	at	 first	when	the	bow	drags	 the	string	aside.	The	coefficient	of	 friction	 is	high	because	relative	7	
velocity	is	low	and	potential	energy	is	storing	in	the	string.	When	the	maximum	static	force	cannot	hold	the	8	
restoring	 force	 from	string,	 the	string	will	 slip	back	releasing	 the	energy	 to	kinetic	energy	 in	 the	 form	of	9	
backward	 velocity.	 The	 decrease	 in	 coefficient	 of	 friction	 yields	 lower	 frictional	 force,	 which	 will	 then	10	
accelerate	 the	 velocity	 further	 to	 a	 certain	 level.	 However,	 the	 coefficient	 will	 raise	 again	 due	 to	 the	11	
coefficient	curve	shown	in	Fig.	7	and	the	system	will	be	in	a	stable	feedback	condition	when	restoring	force	12	
is	equal	 to	 the	 frictional	 force.	Less	energy	 is	 lost	 than	the	 input	at	 first	and	the	difference	 is	enough	to	13	
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